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Abstract: We provide a complete and unified description of translational symmetry
breaking in a simple holographic model. In particular, we focus on the distinction
and the interplay between explicit and spontaneous breaking. We consider a class
of holographic massive gravity models which allow to range continuously from one
situation to the other. We study the collective degrees of freedom, the electric AC
conductivity and the shear correlator in function of the explicit and spontaneous scales.
We show the possibility of having a sound-to-diffusion crossover for the transverse
phonons. Within our model, we verify the validity of the Gell-Mann-Oakes-Renner
relation. Despite of strong evidence for the absence of any standard dislocation induced
phase relaxation mechanism, we identify a novel relaxation scale controlled by the
ratio between the explicit and spontaneous breaking scales. Finally, in the pseudo-
spontaneous limit, we prove analytically the relation, which has been discussed in the
literature, between this novel relaxation scale, the mass of the pseudo-phonons and the
Goldstone diffusivity. Our numerical data confirms this analytic result.
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1 Introduction
There are no perfect symmetries,
there is no pure randomness, we are
in the gray region between truth and
chaos. Nothing novel or interesting
happens unless it is on the border
between order and chaos.
R.A.Delmonico
Symmetries are elegant principles which constitute the fundamental pillars of many
physical theories [1]. Symmetries are widely accepted beauty standards and they are
present in very diverse natural creations ranging from cauliflowers to seashells [2]. How-
ever their breaking at low energy is ubiquitous. Motivated by important problems in
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Figure 1. A cartoon of the difference between explicit and spontaneous breaking of a sym-
metry. Left: The symmetry is broken dynamically by the evolution of the system, which
chooses a ground state not respecting such fundamental invariance. Right: The symmetry
is broken explicitly by an external source.
condensed matter and particle physics, a lot of progress and effort have been devoted
to the description and understanding of the breaking patterns of internal global sym-
metries [3]. Paradigmatic examples are certainly the cases of the Pion [4] or the Higgs
mechanism [5].
The situation regarding spacetime symmetries appears to be more complicated and
is still not well understood [6–9]. Nevertheless, almost all the condensed matter systems
we know in nature break both rotational and translational invariance. Understanding
the breakdown patterns of spacetime symmetries represents a valuable problem beyond
the academic interest. As a matter of fact, these have a deep influence on the thermo-
dynamic and transport properties of the materials, e.g. the phonons in the context of
specific heat.
Much can be learned from the symmetry breaking pattern for a specific system.
In particular, powerful effective techniques allow us to classify the various phases of
matter accordingly indeed to their broken symmetries [10]. From a more mathematical
perspective, this accounts for a robust coset construction of these various possibilities
[11]. Moreover, the effective hydrodynamic description can be endowed to account for
non-hydro damped modes and/or the possible spontaneous breaking of certain global
symmetries. Specific examples of such generalization are the framework of generalized
hydrodynamics [12], quasi-hydrodynamics [13, 14] or just superfluid hydrodynamics
[15]. Certainly, the same extension can be applied to spacetime symmetries like trans-
lations, which are essential to distinguish solids from fluids [16–18].
One fundamental point for the following discussions concerns the difference between
the explicit breaking (EXB) and the spontaneous breaking (SSB) of a symmetry (see
fig. 1 for a cartoon). From a theoretical point of view, this distinction is very neat. By
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explicit breaking we mean the breakdown of the symmetry at the fundamental micro-
scopic level, which appears directly in the action of the theory. This is usually caused
by an external source that controls the strength of the explicit breaking. One simple
example is the application of an external magnetic field to a material. In contrast,
the spontaneous symmetry breaking is a dynamical mechanism that is only manifest
in the IR physical regime of the theory. In particular the dynamical choice of a ground
state which does not respect the fundamental symmetries of the system. A crucial
difference is that SSB is accompanied by the appearance of Goldstone modes, i.e. new
emergent massless degrees of freedom which parametrize the space of equivalent ground
states. Following the example of the magnetic field, its spontaneous counterpart is the
spontaneous magnetization in a ferromagnetic material.
This picture is more complicated in the case of translational invariance. The explicit
breaking of translations can be, for example, identified as an immobile and non dynami-
cal ionic lattice through which the electrons are scattered dissipating their momentum.
At the same time, the dynamical formation of a lattice structure, as it happens for
charge density waves [19], is described by spontaneous breaking of translations. In sim-
ple words the explicit breaking of translations relates directly to the non-conservation
of the momentum for the electrons while the SSB accounts for the elastic properties of
the system and the propagation of sound.
In this manuscript we will make use of holographic and hydrodynamic methods to
better understand the spontaneous and pseudo-spontaneous breaking of translational
invariance along with its consequences on the spectrum of excitations and on electric
transport. We will also provide a unified picture of the breakdown of translations in
a simple holographic model. This work builds on our previous results contained in
[20–22].
Spontaneous symmetry breaking of translations and phonons
The SSB of translational invariance is a common situation in real materials, which
appears whenever an ordered structure is dynamically formed. Typical examples are
the lattice of ordered crystals [23] and the formation of charge density waves or striped
phases [19]. In both cases, long-range order is established in the sample and it is
accompanied by the presence of massless Goldstone bosons, which in the case of the
Ionic lattice are known as phonons1. More specifically, acoustic phonons2 can be indeed
thought of as the Goldstone bosons for translational invariance [24]. Their dispersion
1In the context of CDW the Goldstone excitations are referred to as sliding modes or phasons.
Their nature is similar to that of acoustic phonons.
2Optical phonons have a finite and usually large mass gap and they cannot be interpreted as
Goldstone modes for translations.
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relation at low energy is, as expected for Goldstone bosons, of the form:
ωT = cT k + . . . , , ωL = cL k + . . . , (1.1)
where T, L stand for transverse and longitudinal with respect to momentum ~k. The
speeds (in 2 + 1 dimensions) are related to the elastic shear and bulk moduli G,K of
the material accordingly by
c2T =
G
χPP
, c2L =
G + K
χPP
, (1.2)
as derived in standard textbooks [25, 26]. Here we denote by χPP the momentum static
susceptibility.
The situation is more complicated when dissipative effects have to be taken into
account. This is indeed the case for highly disordered systems [27], viscoelastic mate-
rials where the elastic properties coexist with viscous contributions and even ordered
crystals with anharmonic effects [28]. In those scenarios the dispersion relations of the
phonons read
ω2 = Ω˜2T,L(k) − i ω Γ˜T,L(k) , (1.3)
where ΓT,L is the damping coefficient, which incorporates the effects of dissipation. At
low momenta we expand Ω˜T,L and Γ˜T,L into a power series in k,
Ω˜T,L(k) = cT,L k + . . . , Γ˜T,L(k) = DT,L k
2 + . . . , (1.4)
where DT,L are the diffusion constants, sometimes also called sound attenuation con-
stants. The fact that the leading term of the damping is quadratic in the momentum,
i.e. diffusive, it is found both experimentally and by microscopic computations [26].
The immediate effects of the dissipative terms, independently of their microscopic
origin, is that the phonons are no longer propagating untill arbitrary large values of en-
ergy/momenta. At this scale, the dissipative terms become dominant and the phonon
modes become diffusive. In certain contexts, after this crossover, the diffusive modes
are called diffusons [27]. The crossover between ballistic sound propagation and the
diffusive incoherent regime is usually referred to as the Ioffe-Regel crossover [29–31]
and it appears when the mean free path of the phonons is of order of their wavelength.
The diffusive modes discussed are quasi-localized and they become totally localized
(their diffusion constant goes to zero) at the mobility-edge beyond which the modes
are defined locons [27].
For the rest of the paper we focus on the transverse sector of the system. Mass-
less phonons with linear dispersion relation, obeying the expressions mentioned above,
– 4 –
have been identified in holographic massive gravity models in [22]. Because of space
limitations, the analysis therein has been limited to the low momentum hydrodynamic
limit k/T  1 and the Ioffe-Regel crossover has not been analyzed. In this manuscript
we continue the analysis beyond the hydrodynamic limit and we show that at high
enough temperature the phonons indeed stop propagating and become purely diffusive.
Moreover, whenever the crossover happens within the hydrodynamic limit k/T  1,
we check explicitly that the hydrodynamic expectations [32]
ω± = − i
2
k2
(
ξ +
η
χPP
)
± k
√
G
χPP
− k
2
4
(
η
χPP
− ξ
)2
+ . . . , (1.5)
are satisfied. Here, G is the shear modulus, η the shear viscosity and ξ the Goldstone
diffusion constant.3
Moreover, we also verify that the crossover appears at larger momenta when the
temperature is increased. Finally, at a certain critical temperature the crossover does
not appear anymore and the low energy phonons connect directly to the high energy
UV excitations ω = k. See section 3 for more details.
Pseudo-spontaneous breaking of translations and pseudo-phonons
Of particular interest is also the situation where the SSB is accompanied by a small
explicit breaking source. This is the case in the presence of disorder or impurities, and
hence it is relevant in many condensed matter situations. In [33] the interplay between
SSB and explicit breaking (EXB) has been advocated as a possible explanation for
the bad metals transport properties. As a consequence, it is important to investigate
such interplay within scenarios at strong coupling lacking a quasiparticle description,
for example within holography. The coexistence of SSB and EXB has already been
introduced in several holographic models [21, 32, 34, 35]. In this manuscript we analyze
the nature of this phenomenon in detail both from the point of view of the spectra of
modes and from the optical transport features.
The first observation, originally presented in [21], is that the existence of weakly
gapped and damped phonons is the consequence of the collision of two imaginary modes
which appear as solutions of the following expression(
Ω¯ − i ω) (Γ − i ω) + ω20 = 0 , (1.6)
where Γ is the momentum relaxation rate and ω0 the pinning frequency. The in-
teresting new aspect is what we define with the symbol Ω¯. This corresponds to a
3As we will explain in the main text of the paper, the terms of order k4 (or higher) have to be
taken with a grain of salt.
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non-hydrodynamic mode4 that in the limit of pseudo-spontaneous breaking becomes
underdamped and enters in the hydrodynamic window ω/T, k/T  1. It collides with
the Drude pole ω = −iΓ, which appears underdamped because of the small EXB, and it
produces together with the latter the gapped phonon. As we will show in the following,
this mechanism is completely analogous to the coherent-incoherent transition appear-
ing in the case of purely explicit breaking [38, 39]. The only, but crucial, difference is
that this time the collision happens at very low frequencies, within the hydrodynamic
limit ω/T  1.
In [32] the nature of the parameter Ω¯ has been attributed to phase relaxation and
fluctuating order. As explained in [18] a possible microscopic mechanism giving rise to
this effect is the proliferation of dislocations and topological defects. As we will show in
our paper, the parameter Ω¯ appearing in our holographic model cannot be linked with
phase relaxation stricto sensu. Its nature is not given by the dynamics of topological
defects nor by the fluctuations of the spontaneous order parameter. The reasons why
can be summarized as follows:
• The frequency dependent viscosity obtained from the shear correlator in the
purely SSB limit does not present a Drude peak structure but a simple pole
∼ i/ω. Following the hydrodynamic results of [18] this implies Ω = 0 in our
model.
• The longitudinal Goldstone diffusive mode is not gapped at zero explicit breaking
but it follows a simple dispersion relation ω = −iDφk2.
• The parameter Ω¯ depends on the explicit breaking scale and it vanishes with it.
Moreover, we do not find evidence for a phase relaxation mechanism provided by dis-
locations or topological configurations in our holographic model. This is in agreement
with no large diffusivities. That said, it is very interesting to understand what is the
nature of the Ω¯ parameter seen in our model and in [32, 40]. What appears to be clear
from all these results is that this parameter depends on the EXB and it is not captured5
by the hydrodynamic description of [18]. We hope that our results help to complete
this picture6.
4See also [13, 36, 37] for similar situations where the non-hydrodynamic modes play a fundamental
role.
5This was already suggested in [40].
6The presence of a “phase relaxation” mechanism given by disorder is known in the condensed
matter community [41, 42] and it can probably explain the Ω¯ parameter observed in holography. We
thank Blaise Gouteraux to suggest us this point.
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In the rest of the manuscript we will try to shed some light on the nature of such
parameter in a simple holographic massive gravity model. At the same time, we will
study in detail the hydrodynamic behaviour of the system and the crossover between
explicit and spontaneous breaking. We will moreover determine the dependence of the
various parameters in terms of the explicit and spontaneous breaking scales and prove
the expected Gell-Mann-Oakes-Renner (GMOR) relation [43]. Finally we will prove
analitically the relation proposed in [32] between the relaxation scale Ω¯, the mass of
the pseudo-Goldstone modes and the Goldstone diffusivity.
2 The holographic model
We consider the simple holographic massive gravity models introduced in [20, 44] and
defined by the following action:
S = M2P
∫
d4x
√−g
[
R
2
+
3
`2
− m2V (X) − 1
4
F 2
]
, (2.1)
with X ≡ 1
2
gµν ∂µφ
I∂νφ
I and F 2 = FµνF
µν with the field strength being F = dA. The
dual field theory was studied in detail in [21, 22, 45–49]. These models are particularly
suitable to implement the breaking of translational invariance within the holographic
bottom-up framework7. We study 4D asymptotically AdS black hole geometries in
Eddington-Finkelstein (EF) coordinates:
ds2 =
1
u2
[−f(u) dt2 − 2 dt du+ dx2 + dy2] , (2.2)
where u ∈ [0, uh] is the radial holographic direction spanning from the boundary to the
horizon, defined through f(uh) = 0. The φ
I are the Stu¨ckelberg scalars which admit
a radially constant profile φI = xI with I = x, y and At = µ − ρ u is the background
solution for the U(1) gauge field encoding the chemical potential µ and the charge
density ρ = µ/uh (for more details see [21, 44]). The emblackening factor takes the
simple form:
f(u) = u3
∫ uh
u
dv
[
3
v4
− m
2
v4
V (v2) − ρ
2
2
]
. (2.3)
The corresponding temperature of the dual QFT reads:
T = −f
′(uh)
4pi
=
6− 2m2V (u2h) − µ2 u2h
8piuh
, (2.4)
7See [50, 51] for other alternatives.
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while the entropy density is simply s = 2pi/u2h. The heat capacity can be simply ob-
tained as cv = Tds/dT and was studied in [36, 46].
Given the previously mentioned solution for the background scalars, this model
allows for explicit or spontaneous breaking of translational invariance depending of the
choice of the potential V (X) [22]. In particular if we consider a simple monomial form
V (X) = XN we have:{
1/2 ≤ N < 5/2 EXPLICIT BREAKING (EXB)
N > 5/2 SPONTANEOUS BREAKING (SSB)
(2.5)
The simplest example of explicit breaking can be found in the original paper [52] while
the spontaneous case is analyzed in detail in [22]. Moreover one can combine the two
cases and consider a potential of the form:
V (X) = X + β XN , N > 5/2 , (2.6)
This is going to be our choice for most of the manuscript. As shown in fig. 2 this
choice is convenient because it interpolates continuously between the explicit breaking
case to the spontaneous one. For the rest of the manuscript we assume the explicit
breaking scale to be small compared to the temperature of the system. In that limit, it
was shown in [21] that whenever the parameter β is large enough the aforementioned
potential realize the pseudo-spontaneous breaking of translations introducing a small
gap to the would be massless Goldstone bosons8. Moreover in the limit of β → ∞ we
can neglect the first term in the potential and we reproduce the results of [22].
Some technicalities
Before proceeding to the next section let us make some technical remarks about this
model. The model has been introduced and discussed in details in [20, 22, 44]; we will
just repeat some of the points here to help the reader.
(I) The reason why the source for the scalar operator m seems to appear in the bulk
action in the parameter is due to the normalization choice. A more orthodox way
of introducing a source for the scalar following the holographic dictionary would
be to consider a solution φI = s xI where in this case sxI = φ0(x
I) is clearly a
boundary source. Notice that the parameters m and s are not independent. In
this way we can get rid off the parameter m in the action easily. Nevertheless,
for simplicity we prefer to keep these notations.
8See [32, 34, 35, 53–58] for other studies of the interplay of spontaneous and explicit breaking of
translations in holography and field theory.
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(II) In presence of an explicit source for the dual operator (which is the case for
a potential V (X) = X + βXN), there is no question about the thermodynamic
stability of the solution. In the spontaneous case considered in [21] the question is
more subtle. The solution which naively minimizes the Free energy is the one with
zero VEV φI = 0. Nevertheless the theory we are using cannot be defined around
such a solution because of the problems of strong coupling and it makes sense
only around a non trivial vacuum. The consistency of our solution is confirmed
by the absence of any unstable quasinormal mode (with positive imaginary part).
0 ∞β
Explicit
Breaking
Spontaneous
Breaking
Pseudo
Spontaneousmomentum
 dissipation phonons
elasticity
Figure 2. A cartoon for the benchmark model (2.6). The parameter β allow to continuously
move from an explicit breaking situation towards a purely spontaneous one. Most of the
computations of this work will focus on the pseudo-spontaneous regime defined as the limit
β  1.
3 A spontaneous digression
Before proceeding to analyze the case of the pseudo-spontaneous breaking of transla-
tional invariance, let us consider the spontaneous symmetry breaking (SSB) of trans-
lations which was originally analyzed in [22]. In order to do that, we set for simplicity
the chemical potential to zero, µ = 0, and we restrict ourselves to the potentials of the
form9:
V (X) = XN , N >
5
2
, (3.1)
9This corresponds to take the benchmark potential (2.6) we will use in the rest of the paper and
set m2 = 0 while keeping m2β finite.
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for which transverse massless phonons are present in the QNMs spectrum10 [22]. No-
tice the analogies with the effective field theories for the spontaneous breaking of the
Poincare´ group and elasticity [10, 59].
Within the choice (3.1), the parameter m/T represents the dimensionless scale of
SSB. The lower the temperature is, implying larger m/T , the stronger the SSB11. Using
Hydrodynamics [16, 18, 26], we can obtain the low energy dispersion relation for the
shear modes which takes the form:
ω± = − i
2
k2
(
ξ +
η
χPP
)
± k
√
G
χPP
− k
2
4
(
η
χPP
− ξ
)2
+ . . . , (3.2)
where η is the shear viscosity, G the shear elastic modulus, ξ the Goldstone’s diffusion
constant and χPP the momentum susceptibility. Although equation (3.2) contains
arbitrarily large powers of k, we can however only trust the terms up to k3. This is
because equation (3.2) was derived by only including transport coefficient which are
first order in derivatives. Indeed, in the low momentum limit k/T  1, the formula
(3.2) reduces to the expected expression for transverse and damped phonons:
ω = cT k − iDT k2 + . . . , (3.3)
where the transverse speed is given by c2T = G/χPP . Equation (3.3) was proven to
hold in [22]. Notice that, at small m/T , the hydrodynamic formula (3.2) predicts that
the real part of the dispersion relation of the transverse phonons closes at a critical
momentum:
k∗ ≡ 2
√√√√ G
χPP
1(
η
χPP
− ξ
)2 , (3.4)
which is shown in fig. 4. Notice that the formula (3.4) for k∗ is valid only whenever
k∗/T  1. As evident in fig. 3, when Re(ω(k)) = 0 at large momenta, formula (3.4)
does not provide anymore a good approximation. This is expected since higher order
transport coefficients are important for k∗/T ∼ 1.
In this paper we expand the numerical computations to large momenta, i.e. k/T 
1. The results are shown in fig. 3 for a simple choice of potential V (X) = X5 and
they indeed suggest that formula (3.2) represents a very good approximation in the
10It is important to remark that, choosing the potential (3.1), the background solution with X = 0
(which corresponds to unbroken translations) is not reliable because of strong coupling. In other
words, one cannot immediately compare the solution with unbroken translations with the one where
SSB happens, i.e. X 6= 0. This point has been explained in [22].
11Not to confuse it with the role of m for the benchmark model (2.6) used in the next sections.
There the parameter m represents the explicit breaking scale.
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Figure 3. The transverse phonons dispersion relation. The dots are the numerical value
extracted from the QNMs spectrum and the lines are the hydrodynamic formula (3.2). Dif-
ferent colors represent different values of the dimensionless ratio m/T controlling the SSB
of translations. The potential is chosen as V (X) = X5 but the result are analogous for all
N > 5/2.
hydrodynamic limit ω/T, k/T  1. At large momenta k/T  1, the hydrodynamic
formula is clearly not valid and higher momenta corrections make the frequency depart
from the prediction in (3.2). Notice that the comparison shown in fig. 3 is not a fit since
all the parameters in equations (3.2) can be computed independently. In particular we
have computed:
G = Re
[GRxyxy (ω = k = 0) ] , (3.5)
η = − lim
ω→0
{
1
ω
Im
[GRxyxy (ω, k = 0) ]} , (3.6)
χPP = Ttt + Txx =
3
2
, (3.7)
ξ = G lim
ω→0
{
ω Im
[GRφφ (ω, k = 0) ] } , (3.8)
where  is the energy density of the system and GRxyxy and GRφφ the Green functions of
the stress tensor operator Txy and the scalar Goldstone φ (see appendix A and B for
more details regarding the computation of these quantities).
The physics of this model is interesting because of being different from what we
expect from a perfect harmonic crystal. Concretely the transverse sound is damped
because of the presence of dissipative terms encoded in the η, ξ parameters. As a
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consequence, there is a clear sound-diffusion crossover between a purely propagating
transverse phonon at low momenta to a diffusive hydrodynamic motion at large mo-
menta. This behaviour can be characterized using the so-called notion of Ioffe-Regel
frequency (or Ioffe-Regel crossover) [29–31, 60]:
ωIR =
c2T
piDT
=
1
pi
G
η + ξ χPP
. (3.9)
This expression estimates the frequency at which the phonons stop to propagate and
start behaving in a diffusive or quasi-localized way. In our model the Ioffe-Regel fre-
quency ωIR grows with the dimensionless ratio m/T as shown in fig. 4. This is in
qualitative agreement with the behaviour of k? (see fig. 4) and can be simply under-
stood noticing that at small temperature the dissipative effects become weaker and
therefore the phonons propagate longer. This behaviour suggests that for larger and
larger m/T the system behaves more and more as a perfect crystal. Dissipation de-
creases increasing m/T and the phonons become less and less damped.
The Ioffe-Regel crossover is a typical feature of disordered and viscoelastic materi-
als such as amorphous solids and glasses. The competition between a propagative and
a damping term in the dispersion relation of the phonons can be moreover a possible
explanation for the universal presence of the Boson Peak anomaly in glasses and or-
dered crystals [61, 62]. Additionally, it represents another confirmation regarding the
nature of the sometimes denoted holographic “homogeneous” models for the breaking
of translational invariance. The models at hand are clearly different from an ordered
crystal since they miss any notion of a preferred wave vector, Brillouin zone or lattice
cutoff. Nevertheless, their physics appears, at least qualitatively, consistent with what
known for amorphous solids where translational invariance is broken but no long-range
order is present.
If we take large values of the parameter m/T and we extend the computation to very
large momenta k/T  1 we can notice some important features. Decreasing the value of
temperature the phonon stops to propagate at larger and larger frequencies/momenta.
Interestingly, when m/T  1, the real part of the dispersion relation does not close
anymore and the phonon propagates all the way up to infinite momentum12. In the
intermediate regime, a local minimum, reminiscent of a superfluid roton excitation, ap-
pears in the dispersion relation around k/T ∼ 10. On the contrary for very large m/T
the phonon with initial speed c2T = G/χPP connects directly with the large momenta
12This feature is obviously non realistic and is related to the absence of any UV cutoff in the
holographic theory. In a realistic material, where a natural UV cutoff is provided by the lattice
spacing a, this does not happen. The speed of sound becomes zero at the edge of the Brillouin zone
and the phonons stop to propagate.
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Figure 4. Left: The Ioffe-Regel frequency ωIR from eq.(3.9) in function of the dimensionless
parameter m/T for the potential V (X) = X5. The inset shows the momentum k? at which
the real part of the dispersion relation becomes zero accordingly to the hydrodynamic formula
(3.2). Right: The dispersion relation of the transverse phonons extended until very large
k/T for m/T ∈ [0.5, 1.4] (from red to blue) and V (X) = X5. The dashed line emphasize the
ω = k asymptotic form.
regime ω = k. In that high energetic regime the physics is completely dominated by the
conformal UV fixed point and all the dispersion relations asymptotes the form ω = k
at large momenta k/T  1. Finally, notice that this feature also happens in the cases
where the phonons stop to propagate at a certain momentum kIR. For those values the
transverse mode real part is zero only in an interval of momenta k ∈ [kIR, kUV ]. Clearly,
all these features cannot be captured by hydrodynamics. It would be very interesting
to understand them better with possible alternative methods such as the resummation
of the hydro expansion like done in [63, 64]. Interestingly, dispersion relations with
wavevector cutoffs have recently raised lot of interest in the discussion of liquid and
solid phases of matter [13, 14, 36].
4 About the absence of “standard” phase relaxation
The interplay of explicit and spontaneous breaking of translational invariance has been
advocated to be a possible explanation for the optical conductivity of bad metals [33].
In that context, a very important role is played by phase relaxation which is usually
denoted with the symbol Ω. Phase relaxation is the tendency of the material to restore
the disordered phase via the relaxation of the phase of the Goldstone boson. It is
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analogous to the phase relaxation mechanism in superconductors [15] and it can be
mediated by the presence of topological defects in the material known as dislocations
[18, 65]. In this case, when Ω is driven by dislocations, it does not depend on the EXB
Recently, two works [32, 40] discussed the possible presence of phase relaxation
and fluctuating order in the context of holography. In this small section we aim to
clarify the role of phase relaxation in the class of homogeneous models considered.
Moreover, we broaden the definition of phase relaxation. In fact, as we will see, we
can rule out any mechanism independent of the explicit breaking which enters into
hydrodynamics in the same way as phase relaxation Ω. In particular, we suggest that
no phase relaxation nor fluctuating order 13 stricto sensu are present, so far, in any of
the bottom-up holographic models discussed in the literature.
This idea was already present in [40]; here we give more evidence for the cause. In
order to do that, let us focus first on the shear correlator 〈TxyTxy〉 and in particular on
the frequency dependent viscosity η(ω):
η(ω) ≡ 1
i ω
GRTxyTxy (ω, k = 0) . (4.1)
In presence of phase relaxation Ω, and in absence of explicit breaking, the low frequency
dependence of the viscosity is expected to be [18] :
η(ω) =
G
Ω − i ω + η + . . . , (4.2)
where G and η are the shear elastic modulus and the shear viscosity. In other words
the phase relaxation parameter induces a “Drude peak” into the frequency dependent
viscosity.
As a matter of fact, it is immediate to check the presence of phase relaxation
computing the shear correlator from the equation for the shear fluctuations14:
H ′′ + H ′
(
−2
u
+
2 i ω
f
+
f ′
f
)
+ H
(
− 2 i ω
u f
− 2m
2 VX
f
)
= 0 , (4.4)
13By “fluctuating order” we mean the presence of a non-constant (in space or time) order param-
eter. As explained in detail in [66], the definition, and in particular the experimental observation, of
fluctuating order is not a simple task.
14This result applies to systems way more general than ours. In particular, given a specific holo-
graphic model, with a radial dependent graviton massM(u) (which in isotropic systems can be derived
directly from the stress tensor), it was proven in [67] that the equation for the shear mode is:
2H = M2(u)H , (4.3)
where 2 is the Laplacian operator on the background metric. Starting from the shear equation (4.3) we
have not found evidence for the appearance of a Drude pole and therefore of a proper phase relaxation
rate Ω.
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Figure 5. The frequency dependent viscosity (4.1) for the potential V (X) = X3 at m/T ≈
3.5. Left: The real part showing the zero frequency value η. Right: The imaginary part
showing the 1/ω pole and the absence of Ω. The inset is a log-log plot to show more clearly
the low frequency behaviour.
where H(u) ≡ δgxy (u). The Green functions can be extracted using the standard
holographic dictionary (for more details see [48]).
Solving equation (4.4) numerically for various potentials, we can immediately test
if the phase relaxation parameter Ω is present in our model or not. The generic outcome
is that there is no Drude peak in the frequency dependent viscosity (4.1). An example
of the results is shown in fig. 5.
Consequently, we can affirm that no phase relaxation mechanism as incorporated
in the hydrodynamics of [18] is present in our model.
In the following, however, we will discuss a term, playing an analogous role of the
phase relaxation Ω in the optical conductivity, is present in our model as well as in
the already cited works [32, 40]. This term, denoted in our manuscript as Ω¯, is absent
in the hydrodynamic description of [18] and its nature is not yet well understood. In
particular, it is not clear if the Ω¯ term can be thought of as a purely additional contri-
bution to the phase relaxation Ω. Indeed, even in the pseudo-spontaneous case where
Ω¯ 6= 0, we do not find any Drude structure in the frequency dependent viscosity (4.2),
as shown in figure 6.
This result does not contradict the results of [18] because the addition of explicit break-
ing, even if small, invalids the assumption which leads to formula (4.2). A generalization
of that formula in presence of explicit breaking is necessary to match our holographic
results with the hydrodynamic framework. Work in this direction is on-going.
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Figure 6. The imaginary part of the frequency dependent viscosity (4.2) for a potential
of the type V (X) = aX + bX3. We see the presence of a ∼ 1/ω pole both in the purely
spontaneous and pseudo-spontaneous regime.
5 AC electric conductivity
In this section we compute the electric AC conductivity σ(ω) in our model. We obtain
the conductivity from the current-current Green function:
σ(ω) =
1
i ω
GJJ(ω) , (5.1)
at zero momentum k = 0.
In the purely spontaneous case, V (X) = XN with N > 5/2 or β = ∞ for the
potential (2.6), the conductivity was computed in [22] and it takes the expected form
(at low frequency):
σ(ω) = σinc +
ρ2
χPP
(
i
ω
+ δ(ω)
)
+ . . . , (5.2)
where σinc is the so-called incoherent conductivity [68].
Oppositely, we can consider no spontaneous breaking and the limit of small explicit
breaking which leads to a large relaxation time for the momentum operator:
1
τ T
=
Γ
T
 1 . (5.3)
In absence of spontaneous breaking the conductivity would be well fitted by a Drude
form:
σ(ω) = σ0 +
ρ2
χPP
1
Γ − i ω , (5.4)
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which is typical of systems where momentum is an almost conserved quantity [69].
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Figure 7. Left: Real part of the electric conductivity increasing the strength of SSB starting
from a situation with a small but finite EXB. From black to orange the breaking becomes
more and more spontaneous. We fixed T/m = 1 and µ/T = 0.5. From black to orange
increasing β ∈ [1, 10]. The transition from a Drude peak to a coherent pinned response
is evident. Right: Imaginary part of the conductivity starting from a pure SSB situation
(black line) and adding EXB. This plot is done using the potential V (X) = AX +BX5. The
transition is now from a i/ω pole to a pinned response going at larger and larger frequencies
and being more and more damped until disappearing.
More interesting is the interplay of the explicit and spontaneous breaking, in the
limit where the explicit scale is much smaller than the spontaneous one, i.e. the
pseudo-spontaneous limit. Taking this assumption, the explicit breaking is just a small
deformation to the SSB pattern such that a gapped but light mode can be still identified
in the spectrum. Given the interplay between spontaneous and explicit symmetry
breaking, the singularities of the electric current two point function can be now found
from solving the simple expression:(
Ω¯− i ω) (Γ − i ω) + ω20 = 0 , (5.5)
where ω0 is the so-called pinned frequency or in other words the mass gap of the pseudo-
goldstone boson. As discussed previously, we do not find traces of phase relaxation in
the shear viscosity 4.2. Nevertheless the structure of the poles in the correlators and the
form of the optical conductivity are consistent with an additional parameter which, in
presence of Γ and ω0, enters only in certain transport properties as the phase relaxation
term Ω would. The effects of the interplay between the two mechanism of symmetry
breaking and in particular of the presence of a finite pinning frequency ω0 will be
– 17 –
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Figure 8. AC conductivity moving the dimensionless temperature parameter at fixed chem-
ical potential µ/T = 0.5. Left: A mostly explicit case β = 0.1. The behaviour is a coherent-
incoherent crossover. Right: A mostly spontaneous case β = 10. Now the behaviour is from
a Drude peak to a coherent pinned response.
evident in the AC conductivity as already shown in [20]. The spectral weight is going
to be transferred from the Drude peak to an intermediate frequency scale which is set
by the pinning frequency ω0.
We compute the AC conductivity numerically (for more details see Appendix A)
and display the results in figs. 7 and 8. In particular, in fig. 7 we dial the ratio between
the spontaneous and the explicit breaking keeping fixed the other parameters. For β
small, the breaking is mostly explicit and the AC conductivity shows a Drude peak
form; on the contrary, when increasing β (i.e. when the breaking pattern becomes more
and more spontaneous), the spectral weight at zero frequency is transferred to finite
frequency producing the typical AC form of a pinned system. Moreover, increasing the
spontaneous breaking, the peak moves to higher frequency in accordance to the GMOR
relation [43] and its width becomes smaller.
Moreover, we can start from the purely SSB case and add more and more EXB. In
such case (see right panel of fig. 7), the i/ω pole moves to finite frequency and becomes
more and more damped till disappearing for large EXB. This picture is consistent with
what observed in the QNMs spectrum of the system (see next section).
In fig. 8 we keep fixed the parameter β and we move the dimensionless parameter
m/T . At low β the breaking is mainly explicit and moving the dimensionless tem-
perature the AC conductivity shows the crossover between a coherent regime with a
sharp Drude peak to an incoherent regime with a flat response [68]. The crossover is
produced by a collision between the two lowest poles, which appears very far from the
hydrodynamic limit, i.e. Im(ω)/T ∼ 8. The collision produces a couple of poles with
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a real part but their signature on the AC conductivity is smoothed out since they are
highly damped. In contrast to that, at large β, the breaking is pseudo-spontaneous
and the collision happens within the hydrodynamic limit or in other words at small
frequencies. As a consequence, the system shows a crossover from a sharp Drude peak
to a pinned regime with a coherent peak at low frequency.
Let us also emphasize that in the pseudo-spontaneous limit the system displays
an insulating behaviour with dσ/dT > 0 and that the pinned peak moves at higher
frequencies decreasing the temperature, see fig. 9. The off-axes peak develops after the
poles collision and it moves in a square root fashion to higher energies decreasing the
dimensionless temperature. The dynamics displays an insulating nature, in contrast
with what was obtained in [33] and what was found in [70]. In that case, the presence of
a bulk dilaton field with a specific potential was needed to have the metallic behaviour
at low temperature. Generally, a pinned response always corresponds to an insulating
state at low temperature15. This is the usual case for charge density waves [19] and for
the other existing holographic models [20, 35, 40].
Finally, let us notice that the square root behaviour of the peak in function of the
dimensionless parameter m/T is already an hint towards the validity of the GMOR
relation [43] which we will analyze in detail in the following section.
T
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Figure 9. The behaviour of the off-axes peak in function of the dimensionless temperature.
We fixed β = 10 and we dial m/T ∈ [0.2, 1].
15A simple argument to follow is just the sum rule for the optical conductivity.
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6 Explicit VS spontaneous breaking and the collective modes
In this section we consider the interplay of spontaneous and explicit breaking of trans-
lations using the potential:
V (X) = X + β XN , N > 5/2 , (6.1)
and for most of the discussion N = 5.
The scale of explicit breaking in the model is represented by the graviton mass in
the UV (at the AdS boundary u = 0) that reads
EXPLICIT SCALE ≡ 〈EXB〉 = mUV = m, (6.2)
and it coincides with (the square root of) the coefficient of the linear term in the
potential V (X). As evidence for this, we can observe that the momentum relaxation
rate is proportional to such a scale and in particular for small explicit breaking (at
leading order in m/T ) reads [71]:
Γ ∝ 〈EXB〉2 ⇒ Γ ∝ m2 , (6.3)
which is in agreement with the results obtained using the Memory Matrix formalism
[72, 73]. In the limit of zero explicit breaking, i.e. m = 0, the relaxation time for the
momentum operator is infinite and the DC conductivity diverges.
On the contrary, we expect the spontaneous scale to be proportional to the coef-
ficient of the XN term appearing in the potential V (X). By analogy, we can identify
the SSB scale as:
SPONTANEOUS SCALE ≡ 〈SSB〉 ∝ m
√
β . (6.4)
This assumption is corroborated by the definition of the elastic modulus G (which is
meaningful only in the limit of mostly spontaneous breaking). In particular, in the
limit of small explicit breaking m/T  1 and β  1, we have [48]:
G ∼ m2 β ∼ 〈SSB〉2 , (6.5)
which is the expected dependence. It is interesting to notice that indeed the competition
between EXB and SSB can be physically identified with the competition between the
momentum dissipation rate Γ and the elastic modulus G. As already discussed, in
physical terms, the explicit breaking parametrizes the dissipation of momentum while
the spontaneous breaking the elastic, and non dissipative, properties of the materials.
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Given these definitions, we can see that the ideal indicator to determine if the
breaking is mostly explicit or spontaneous is the dimensionless ratio of the two scales:
〈EXB〉
〈SSB〉 =
1√
β
. (6.6)
This amounts to say that at β = 0 the breaking is totally explicit, while at β =∞ the
breaking is totally spontaneous. We define the pseudo-spontaneous case as the limit
where:
PSEUDO-SPONTANEOUS:
〈EXB〉
〈SSB〉  1 =⇒ β  1 . (6.7)
Interestingly, the ratio between the explicit and spontaneous scales corresponds to
the ratio between the graviton mass at the UV boundary and the graviton mass at the
IR horizon as introduced in [21]. More precisely for large β:
m2UV
m2IR
=
m2
m2
(
1 + N β u3+Nh
) ∼ 1
β
=
(〈EXB〉
〈SSB〉
)2
. (6.8)
In the scenario where β  1 the presence of a weakly gapped Goldstone boson is
guaranteed (see fig. 10). More specifically, as already suggested in the literature,
the presence of such a mode is a consequence of the collision between the Drude pole
ω ∼ − iΓ and a secondary pole ω ∼ − i Ω¯ which appears to be light whenever the
spontaneous scale is large compared to the explicit one. Concretely, the structure of
the low energy excitations at zero momentum can be derived from solving the simple
expression [18]:
(Γ − i ω) (Ω¯ − i ω) + ω20 = 0 , (6.9)
giving rise to the two modes:
ω± = − i
2
(
Ω¯ + Γ
) ± 1
2
√
4ω20 −
(
Γ − Ω¯)2 . (6.10)
Let us emphasize that the previous expression (6.10) is obtained using hydrodynamic
techniques and it is valid only when the frequencies of the two modes are small compare
to the temperature of the system, i.e. ω±/T  1.
In this manuscript we analyze the quasi-normal modes and in particular of their
dependence on the explicit, spontaneous and temperature scales. In particular, we
investigate the nature of the parameter Ω¯. The nature of this coefficient is still unclear
in the literature. The authors of [40] suggested that that parameter is Ω¯ = γ1 ω
2
0 where
γ1 is the coefficient entering in the GJφ Green function and ω0 is the pinning frequency;
contrarily the authors of [32] claimed that Ω¯ = M ξ where M is the mass of the phonon
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Figure 10. A sketch of Quasi-normal mode spectrum for transverse fluctuations as a function
of the ratio between explicit and spontaneous breaking scales. Left: Whenever the sponta-
neous breaking is negligible, i.e. for β  1, the Ω¯ pole is not an hydrodynamic pole. The only
hydrodynamic pole is the Drude pole (if the explicit breaking scale is small, i.e. m/T  1).
Center: In the pseudo-spontaneous case, i.e. for β  1, both the Drude and the Ω¯ poles
have small frequency and the expression (6.10) holds. Right: In the purely spontaneous
case, i.e. for β =∞, the Drude and Ω¯ poles collapse into the origin of the complex frequency
plane and they produce the double pole identified as the massless phonon.
and ξ the Goldstone diffusion constant entering the Gφφ Green function. This existing
disagreement represents a further motivation for the analysis pursued in this section.
Let us first discuss the qualitative behaviour of the modes in function of the ra-
tio between explicit breaking and spontaneous breaking, see fig. 10. In the limit of
〈EXB〉  〈SSB〉 and 〈EXB〉  1, the Drude pole Γ is underdamped and it is con-
trolled by the amount of explicit breaking while the Ω¯ pole is overdamped and its
imaginary value is much bigger than the Drude pole one. Moreover, it is not singled
out but it lives in the sea of the non-hydrodynamic overdamped modes, see fig. 10.
On the contrary, in the limit where the breaking becomes pseudo-spontaneous (6.7),
for β  1, the Ω¯ mode becomes less and less damped and enters in the hydrodynamic
regime ω/T  1 along with the Drude pole. This is the limit where the equation (6.10)
holds. The two modes at a certain point collide and produce the damped and gapped
light phonon which we see in the spectrum. Notice that this collision is also present in
the limit of 〈EXB〉  〈SSB〉 but it appears beyond the hydrodynamic limit producing
the so-called coherent-incoherent transition [38]. If we push this further and we assume
the purely spontaneous case, both the Drude and the Ω¯ pole go towards the origin of
the complex frequency plane and they form the double pole of the massless phonon
observed in [22].
Given the schematic picture regarding the dynamics of the collective modes, now
we turn into analyzing the concrete data by determining numerically the QNMs, see
A for more details. First, we study how the modes move increasing the ratio between
explicit breaking and spontaneous breaking. In order to do that, we fix a small explicit
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Figure 11. Lowest QNMs at zero momentum for Left: fixed m/T = 0.03 and β ∈ [0.5− 50]
(red-blue). Right: Fixed β = 50 and increasing m/T ∈ [0.01, 0.07]
.
breaking 〈EXB〉/T 2 = m2/T 2  1 and we increase the 〈EXB〉/〈SSB〉 moving the
dimensionless parameter β. The results are shown in the left panel of fig. 11. The
lowest pole appears very close to the origin due to the fact that momentum dissipation
is negligible in this limit, i.e. Γ ∼ 0. Crucially, the second pole, the one governed
by the Ω¯ parameter, moves upwards towards the origin increasing the parameter β.
In other words, the more spontaneous the nature of the breaking, the closer to the
origin the second pole. At large values of 〈EXB〉/〈SSB〉 the second pole is over-
damped and far from the hydrodynamic window ω/T, k/T  1. Moving towards the
pseudo-spontaneous limit (6.7), the second pole becomes underdamped and will pro-
duce together with the first pole the collision giving rise to the light pseudo-phonon
mode.
We can now assume the breaking to be mostly spontaneous, i.e. β  1, and move
the values of m/T keeping it rather small. This is done in the right panel of fig. 11.
Notice that in this case, the collision happens at very small values of frequency, close
to the origin. Additionally, increasing the values of the explicit breaking, the two poles
undergo a collision and they move off-axes. This is the direct manifestation of the fact
that the pinning frequency ω0 grows with the explicit breaking and the pseudo-phonons
become more and more massive with it following the GMOR relation [43].
As we already mentioned, the key parameter for the analysis is the ratio between
the explicit and the spontaneous breaking which is encoded in the dimensionless scale β.
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Figure 12. Left:Lowest QNMs for three different values of β = 11, 17, 50, 100 (red-blue)
increasing m/T in the vicinity of the collision. Right: Value of the frequency at the collision
as a function of β = 〈SSB〉/〈EXB〉.
It is important to notice that the collision between the two poles, controlled respectively
by Γ and Ω¯, happens for any finite value of β. The difference is the frequency at which
such collision happens. This is shown in fig. 12. When β is rather small, and the
breaking is mostly explicit, the collision happens at very large values of the frequency.
This has already been analyzed in the past as the coherent-incoherent crossover [38].
Increasing the value of β, the collision moves upwards towards the origin of the complex
plane. Once β is very large, the collision happens very close to the origin and it has
important consequences on the low energy dynamics of the system. The poles collision
produces a very light mode, the pseudo-phonon, which is relevant for the hydrodynamic
description. In the extreme limit where the breaking is purely spontaneous, β = ∞,
both the poles lie on the origin and the “collision” happens directly from there. As
shown in the right panel of figure fig. 12. The collision frequency ωcoll appears to be
linearly proportional to the dimensionless parameter 1/
√
β which implies the scaling
relation
ωcoll
T
∼ 〈EXB〉〈SSB〉 (6.11)
7 A new phase relaxation mechanism
Let us study the behaviour of the parameters ω0, Ω¯ as a function of the 〈EXB〉 and
〈SSB〉 scales by tuning m/T and β accordingly.
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Figure 13. Fits (black lines) compared to data (colored dots) corresponding to the fits,
shown in figures 14 and 15, for data plotted in figure 11.
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Figure 14. Left: Fitted Ω/T for fixed m/T = 0.01. Right: Fitted ω20/T
2 for fixed
m/T = 0.03. In both cases the deviation from the expected behaviour appears at small
β, i.e. away from the pseudo-spontaneous limit.
Combining hydrodynamic and holographic arguments (see [32, 71] for more details)
we can derive a simple analytical formula:
Γ +
ω20
Ω¯
= m2
VX
2 pi T
+ O(m4) . (7.1)
For our potential V (X) = X + βXN , from the results in [22] and [71] the most natural
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2 on m2/T 2 for fixed β = 50 .
splitting is:
Γ =
m2
2pi T
∼ 〈EXB〉2 + . . . , ω
2
0
Ω¯
=
m2 β N
2 pi T
∼ 〈SSB〉2 + . . . (7.2)
As we will see later, these scalings are in agreement with our numerical data.
In order to fit them we use formula (6.10) supplemented by the definition of the mo-
mentum dissipation rate at small explicit breaking m/T  1. Notice that for m/T  1
we immediately have Γ/T  1, which means the momentum dissipation rate can be
neglected. That said, we proceed to fit the numerical data. The quality of the fits is
graphically shown in fig. 13. We study the parameters Ω¯, ω0 in function of the explicit
and spontaneous scales. First we plot the dependence on the dimensionless parameter
β in fig. 14. The find the pinning frequency ω20 to be proportional to
√
β. More inter-
estingly, the new parameter Ω¯ is proportional to the inverse of
√
β, the ratio between
the explicit breaking scale (6.3) and the spontaneous one (6.4).
We also show the dependence of the parameters in function of m in fig. 15. Here
the pinning frequency ω20 is proportional to the mass square m
2/T 2. The dependence of
ω0 on β and m/T proves the validity of the GMOR relation in our model. Furthermore
we see that at leading order in m2/T 2
Ω¯ ∼ 〈EXB〉〈SSB〉 (1 + O (〈EXB〉) ) , (7.3)
where the higher order terms are suppressed by powers of 〈EXB〉, which is small in
the pseudo-spontaneous limit (6.7).
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The previous analysis allows us to come to the main point of this section. In the
pseudo-spontaneous regime (6.7), we find:
ω20 ∼ 〈EXB〉〈SSB〉, Ω¯ ∼
〈EXB〉
〈SSB〉 , (7.4)
which is our main result. This provides a complete picture of the pseudo-spontaneous
regime and the parameters appearing in the effective hydrodynamic description as a
function of the explicit and spontaneous breaking scales.
Let us summarize what we found:
1. The relation for the pinning frequency ω0 is the well-known GMOR relation for
a pseudo-Goldstone boson [43].
2. The relation between the relaxation parameter Ω¯ and the explicit/spontaneous
breaking scales, eq.7.4, is new and important. First, from this result, we notice
that the effect of Ω¯ is not only related on the spontaneous breaking scale of trans-
lations. It depends crucially on the explicit scale and is incompatible with the
interpretation of it as a phase relaxation mechanism stricto sensu. Moreover, we
see that in the case of purely spontaneous breaking the parameter Ω¯ vanishes and
hence gives rise to the appearance of the transverse sound mode. On the contrary,
in the mostly explicit case this mode is overdamped and does not participate in
the low energy dynamics.
3. The frequency at which the two lowest modes collide is indeed governed by the
new phase relaxation scale:
ωcoll
T
∼ Ω¯
T
(7.5)
We conclude this section by considering the relation proposed in [32] which relates
this novel phase relaxation scale, the mass of the pseudo-goldstone modes M and the
goldstone diffusion constant ξ. More precisely, it is conjectured that in the pseudo-
spontaneous limit:
Ω¯ ∼ M2 ξ = ω
2
0 χPP
G
ξ (7.6)
Let us emphasize that the Goldstone diffusion constant can be obtained numerically
from the GΦΦ correlator. More details can be found in appendix B. Moreover, it is
possible to derive an horizon formula [74] for this transport coefficient which in our
case reads:
ξ
G
=
4pi s T 2
2m2 χ2PP VX
(7.7)
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and which has been confirmed with the numerical results for our model in [75].
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Figure 16. The numerical check of the relation in eq.(7.6).
Let us first explain why our result Ω¯ ∼ 〈EXB〉/〈SSB〉 already implies the validity
of the relation (7.6). Just following the scalings we derived in the previous sections we
immediately obtain16:
〈EXB〉
〈SSB〉︸ ︷︷ ︸
Ω¯
∼ 〈EXB〉〈SSB〉︸ ︷︷ ︸
ω20
1
〈SSB〉2︸ ︷︷ ︸
ξ/G
(7.8)
which just prove a relation like eq.(7.6) should hold.
We can do a second step and use the analytic formula for the ratio ω20/Ω¯ defined in
eq.(7.2). By putting all our results together, we obtain analytically that in the limit
m/T  1 we have:
Ω¯G
ω20 χPP ξ
=
1 + N β
N β
−→︸︷︷︸
β→∞
1 (7.9)
which holds in the pseudo-spontaneous limit. Here we used that in the limit m/T  1:
χPP =  + p = s T + O(m2) . (7.10)
The analytic result is confirmed by the numerical data. See for example fig.16.
In conclusion we have been able to prove analytically that in the pseudo-spontaneous
limit:
Ω¯ = M2 ξ =
ω20 χPP
G
ξ (7.11)
16Keep in mind that in terms of the breaking scales χPP ∼ O(0).
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which was conjectured in [32].
8 Conclusions
In this work we provide a complete and unified picture of the breaking of translational
invariance in simple holographic models. By “simple” we mean holographic models
where translations are broken but the background geometry is homogeneous. This is
possible thanks to the preservation of a diagonal symmetry group built from the space-
time translations and the internal symmetries of the Stueckelberg fields [44].
The first aim of this paper is to resolve the confusion in the literature regarding the
different explicit and spontaneous breaking mechanisms and their interplay. Once com-
pared the holographic results with the effective field theory and hydrodynamic predic-
tions, we discuss the nature of the Ω¯ relaxation scale which appears in the pseudo-
spontaneous picture. Such a parameter appeared long time ago in [21], but it has been
recently topic of discussion in the literature [32, 40]. More precisely, it has been claimed
in [32] that its nature is related to phase relaxation given by topological defects and
the presence of fluctuating order. In our work we suggest that is not the case stricto
sensu. We present the following arguments:
1. The frequency dependent viscosity in the SSB limit does not display any Drude
peak.
2. The crystal diffusion mode in the SSB limit is not damped. This has been shown
by some of the authors of this work in two preprints [75, 76] appeared at the same
time of our work.
3. The “novel” parameter Ω¯ depends linearly on the explicit breaking scale.
Nevertheless, it is definitely true, as observed in [32, 40], that this parameter enters
in the definition of the transverse collective modes and the electric conductivity in the
same way as a proper phase relaxation would. However, it is not clear yet if it does play
an analogous role in the shear correlator. Even in the pseudo-spontaneous limit we do
not observe any Drude pole in the frequency dependent viscosity η(ω). This result does
not a priori contradicts the results of [18] but it emphasizes the need of constructing
a complete generalization in presence of explicit breaking. The latter should encode a
new mechanism dependent on the explicit breaking scale17.
17A different phase relaxation mechanism produced by disorder has been already discussed in the
literature [41, 42]. That could be compatible with what we observe here in the parameter Ω¯. We are
grateful to Blaise Gouteraux for mentioning this point to us.
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To make progress in this direction we prove in this manuscript that:
Ω¯ ∼ 〈EXB〉〈SSB〉 , (8.1)
and we argue that this holds in general. To the best of our knowledge, this represents
a new result which definitely deserves more investigation.
Furthermore, we show that this result already is equivalent to the relation conjectured
in [32] between the phase relaxation scale, the mass of the pseudo-Goldstone modes M
and the Goldstone diffusivity ξ. More precisely, we have been able to prove analytically
that within our class of holographic models V (X) = X +XN :
Ω¯ = M2 ξ =
ω20 χPP ξ
G
(8.2)
and to show that this formula is in perfect agreement with our numerical data18. We
believe this relation might help in the construction of a complete hydrodynamic theory
for the novel phase relaxation scale Ω¯. It represents a further step in the understanding
of this new mechanism. We hope to report more about this point in the close future.
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A EOMs and Green Functions
In this appendix we present few relevant technical details regarding the computations
discussed in the main text.
18The constant of proportionality Ω¯ = cM2 ξ = c
ω20 χPP ξ
G , which in our case is c = 1, might depend
on the details of the model and it is not physically relevant.
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Equations of motion for the fluctuations
We consider the following set of perturbations:
ax, htx ≡ u2δgtx, hxy ≡ u2δgxy, δφx, δgxu , (A.1)
and we assume for simplicity the radial gauge, i.e. δgxu = 0.
The corresponding equations of motion are:
0 = −2(1− u2 V ′′/V ′)htx + uh′tx − i k u hxy −
(
k2 u+ 2 i ω(1− u2 V ′′/V ′)) δφx + u f δφ′′x
+
(−2(1− u2 V ′′/V ′) f + u (2iω + f ′)) δφ′x ;
0 = 2 im2 u2ωV ′ δφx + u2 k ω hxy + 2u4 µ (iω ax + f a′x)
+
(
6 + k2 u2 − 4u2µ2 − 2m2(V − u2 V ′) − 6f + 2uf ′) htx + (2u f − i u2ω)h′tx − u2 f h′′tx ;
0 = 2i k u htx − iku2h′tx − 2 i k m2 u2V ′δφx + 2hxy
(
3 + i u ω − 3f + uf ′ − m2(V − u2V ′))
− (2i u2 ω − 2uf + u2 f ′)h′xy − u2 f h′′xy ;
0 = 2h′tx − uh′′tx − 2m2 uV ′ δφ′x + ik u h′xy + 2u4 µ a′x ;
0 = −µh′tx − k2 ax + (2i ω + f ′) a′x + f a′′x . (A.2)
These are the equations we solve numerically to obtain the correlators and the QNMs
discussed in the main text. Notice that since we are using Eddington-Filkenstein coor-
dinates at the horizon we have to impose simply regularity.
Asymptotics and Green functions
The UV asymptotics for the perturbations considered are:
δφx = φx (l) (1 + . . . ) + φx (s) u
5−2n (1 + . . . ) ,
htx = htx (l) (1 + . . . ) + htx (s) u
3 (1 + . . . ) ,
hxy = hxy (l) (1 + . . . ) + hxy (s) u
3 (1 + . . . ) ,
ax = ax (l) (1 + . . . ) + ax (s) u (1 + . . . ) , (A.3)
where the boundary is taken to be at u = 0.
Using the standard AdS-CFT dictionary we can then write down the Green functions
as:
G(R)TtxTtx =
2 ∆− d
2
htx (s)
htx (l)
=
3
2
htx (s)
htx (l)
,
G(R)TxyTxy =
2 ∆− d
2
hxy (s)
hxy (l)
=
3
2
hxy (s)
hxy (l)
,
G(R)JJ =
ax (s)
ax (l)
, (A.4)
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where the time and space dependences are omitted for simplicity.
For the spontaneous case V (X) = XN :
G(R)φφ = N m2 (2N − 5)
φx (s)
φx (l)
. (A.5)
All the physical observables analyzed in this letter can be extracted from the retarded
Green’s functions.
Numerical techniques
We have used pseudospectal techniques to determine the quasi-normal modes of the
system [77, 78]. As in previous works, we have used directly the fluctuations of the
non-gauge invariant fields in infalling Eddington-Finkelstein coordinates as shown in
A.2. The fields are decomposed in Chebyshev polynomials, which ensure regularity at
the horizon and automatically force the leading, divergent, terms of the asymptotic
expansion to vanish. As discussed in [79, 80], the problem of finding the quasi-normal
modes can be recasted in terms of a generalized eigenvalue problem. This approach
has the advantage of directly finding many QNMs with no need of shooting, we refer
the reader to [79, 80] for a complete discussion on this subject. All our data have been
computed with 50 gridpoints and 60 digits precision. We have checked both convergence
and that the equations of motion are satisfied.
B The Goldstone correlator
In this section we consider the Green functions which contain the Goldstone operator
φ dual to the bulk Stuckelberg fields and which are relevant for our discussion. We
indicate with P the momentum operator of the dual QFT which is dual to the metric
function hti, and the charged current J dual to the bulk gauge field Aµ. The correlators
can be extracted via standard AdS-CFT techniques using the holographic dictionary
[81–84] (see Appendix A for more details).
In the spontaneous breaking limit19, the low energy (small frequency) expansions
can be deduced using hydrodynamic methods [16, 18] and take the simple forms:
GJφ(ω) ≡ 〈 J φ 〉 = γ1 + ρ
χPP
i
ω
, (B.1)
Gφφ(ω) ≡ 〈φφ 〉 = − 1
ω2 χPP
+
ξ
G
i
ω
, (B.2)
19In the pseudo-spontaneous case there will appear corrections from the explicit breaking strength,
proportional to the momentum relaxation rate Γ. Nevertheless, as far as the explicit breaking scale is
not large, such corrections will be negligible and the expressions (B.1),(B.2),(B.3) will still be a good
approximation for the correlators.
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Figure 17. Data for the potential V (X) = X3 and zero chemical potential. Left: Check of
the correlator structure (B.2). The blue dots are numerical data and the dashed line is the
analytic result for χ−1PP . Right: The ξ parameter extracted from the imaginary part of the
φ correlator.
GPφ(ω) ≡ 〈P φ 〉 = i
ω
, (B.3)
where all the Green functions are computed at zero momentum k = 0.
We are not going to discuss in detail the correlator between the Goldstone operator
and the electric current. We just notice that the parameter γ1 is finite and will be
studied in a separate work. Moreover, the GPφ Green function is just the mathematical
statement that the operator φ, i.e. the phonon, is the Goldstone boson for translations,
which are generated by the momentum operator P . We have successfully verified the
expressions for the correlators mentioned above. See fig. 17 for an example. The
parameter ξ used in section 3 is obtained exactly using the 〈φφ〉 correlator and matching
it to the expression (B.2). More about the physics and the role of ξ, especially for the
longitudinal sector of the fluctuations, has appeared at the same time of our manuscript
in [75].
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